Abstract: The 2D N = (2, 2) * supersymmetric Yang-Mills theory can be obtained from the 2D N = (4, 4) theory with a twisted mass deformation. In this paper we construct the gravity dual theory of the 2D N = (2, 2) * supersymmetric U (N ) Yang-Mills theory at the large N and large 't Hooft coupling limit using the 5D gauged supergravity. In the UV regime, this construction also provides the gravity dual of the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory. We propose a triality in the UV regime among integrable model, gauge theory and gravity, and we make some checks of this relation at classical level.
Introduction
Many interesting and profound relations between integrable models and gauge theories have been revealed in recent years. A prototype of this relation is the celebrated AdS/CFT correspondence between the 10D type IIB superstring theory on AdS 5 × S 5 and the 4D N = 4 supersymmetric Yang-Mills theory [1] , where the 4D N = 4 supersymmetric YangMills theory is believed to be a completely integrable model, and its integrability can be studied in the dual supergravity, which is the low-energy effective theory of the superstring theory (for a review see Ref. [2] ).
More recently, some dualities between quantum integrable models and some 2D gauge theories have been established by Nekrasov and Shatashvili [3] [4] [5] . The integrable models are defined in (1+1)D, and they can be nonlinear partial differential equations or lattice spin models. The corresponding 2D gauge theories have N = (2, 2) * supersymmetry. In particular, the Bethe Ansatz equations of the quantum integrable models are equivalent to the vacuum equations of the gauge theories. The string dual of the Omega deformation and consequently the Nekrasov-Shatashvili duality has been constructed by Hellerman, Orlando and Reffert in Refs. [6] [7] [8] , where they showed that various integrable models are dual to the NS5-D2-D4 systems in the fluxtrap background of the type IIA string theory. Besides the string dual, it would also be interesting to construct the gravity dual of the 2D gauge theories, which can provide us with a novel approach of studying the integrability on the gravity side.
We can start with the simplest example among the relations discovered by Nekrasov and Shatashvili, which is the one between the (1+1)D nonlinear Schrödinger equation and the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory found by Gerasimov and Shatashvili [9, 10] . From the wave function of the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory one can reproduce the wave function of the quantum nonlinear Schrödinger equation in the N -particle sector.
The 2D N = (2, 2) * U (N ) Yang-Mills-Higgs theory was constructed in Ref. [11] , and it is called topological when the coupling g Y M is set to zero. This theory can be viewed as the dimensional reduction of the 4D topologically twisted N = 2 U (N ) super Yang-Mills theory with a deformation term, which provides the twisted mass and breaks 8 supercharges into 4 supercharges. Alternatively, it can also be viewed as the 2D N = (2, 2) * U (N ) super Yang-Mills theory deformed by some supersymmetry exact terms, which for supersymmetry closed observables (e.g. partition function, etc.) do not change the theory at quantum level. Hence, for supersymmetry closed observables the 2D N = (2, 2) * U (N ) Yang-Mills-Higgs theory is equivalent to the 2D N = (2, 2) * U (N ) super Yang-Mills theory, and we can study the latter one instead. Due to the asymptotic freedom of the 2D N = (2, 2) * U (N ) super Yang-Mills theory, the theory approaches the topological Yang-Mills-Higgs theory in the UV regime.
Based on the principle of gauge/gravity correspondence, we can construct the gravity dual of the 2D N = (2, 2) * U (N ) super Yang-Mills theory in the large N and large 't Hooft coupling limit. In the UV regime, it also provides the gravity dual theory to the 2D topological Yang-Mills-Higgs theory. The basic idea is following. The gravity dual of the 2D N = (4, 4) super Yang-Mills theory has been constructed in Ref. [12] , and the solution can be embedded in the 10D type IIB supergravity uplifted from the 5D N = 2 gauged supergravity with the gauge group U (1) 3 . Hence, we can first turn on an additional scalar field and a real parameter c corresponding to the twisted mass in the 5D gauged supergravity, and then uplift the gravity dual solution to the 10D type IIB supergravity.
In this way, we obtain the mass-deformed supergravity solution, which is dual to the 2D N = (2, 2) * super Yang-Mills theory. The solution will be characterized by the 10D metric (3.49) and the 5-form flux (3.50) , both of which depend on the parameter c. When c = 0, the solution returns to the one constructed in Ref. [12] that is dual to the 2D N = (4, 4) super Yang-Mills theory, while for generic values of c = 0 the gravity solution is dual to the 2D N = (2, 2) * super Yang-Mills theory. Various tests of the gravity dual solution can be made.
As discussed in Ref. [3] , on top of the 2D N = (2, 2) * super Yang-Mills theory, if one turns on additional deformations (e.g. tree-level superpotential, matter multiplets in various representations, etc.), the resulting gauge theories correspond to a large class of integrable models. Based on our construction of the gravity dual of the 2D N = (2, 2) * super Yang-Mills theory with twisted mass, we propose a triality in the UV regime among gauge theories, integrable models and gravity theories (see Fig. 1 ). By setting up this triality, in principle we can study the integrability on the gravity side, and at the same time study some properties of the gravity on the integrable model side. As the simplest example, we first consider the (1+1)D nonlinear Schrödinger equation, which corresponds to the 2D N = (2, 2) * super Yang-Mills theory with an additional tree-level twisted superpotential [3] . By taking the large N limit in both the gravity dual and the nonlinear Schrödinger equation, we find the correspondence between classical solutions, i.e., N D-branes in the supergravity and N solitons in the classical nonlinear Schrödinger equation. The correspondence at quantum level will be investigated in the future work.
This paper is organized as follows. In Section 2 the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory and its relation with some other 2D gauge theories will be reviewed. In Section 3, we discuss the construction of the gravity dual of the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory using the 5D gauged supergravity uplifted to 10D, and perform some checks of the gravity dual. In Section 4, we briefly review the nonlinear Schrödinger equation, in particular, how the N -particle solution to the quantum nonlinear Schrödinger equation reduces to the N -soliton solution in the large N limit. The triality among different theories shown in Fig. 1 will be established in Section 5. Finally, in Section 6 some prospects for the future research will be discussed. In Appendix A we review the consistently truncated 5D gauged supergravity, which has been applied the con-struction of the gravity dual in the main text. There are two 10D metrics appearing in the paper, one from the 5D gauged supergravity uplifted to 10D and the other from the brane construction. In Appendix B we show that these two metrics can be identified. Moreover, the asymptotic forms of the metrics in the UV regime and the RR 5-form flux appearing in the 10D type IIB supergravity will be discussed in Appendix C and Appendix D respectively. The preliminary results of this paper have also been reported in Ref. [13] , which appears in the proceeding of 24th International Conference on Integrable Systems and Quantum Symmetries.
2D N = (2, 2)
* Supersymmetric Yang-Mills Theory
In this section we review the 2D N = (2, 2) * supersymmetric Yang-Mills theory and its relation with other 2D gauge theories. Also, we demonstrate that the 2D super Yang-Mills theory can be viewed as the dimensional reduction of the 4D topologically twisted N = 2 super Yang-Mills theory.
Review of the 2D Gauge Theories
Following Ref. [14] , the 2D cohomological Yang-Mills theory for a compact group G on a Riemann surface Σ h can be defined by the following path integral:
with
where A is a connection on the principal G-bundle over Σ h , while ϕ and ψ are a zero-form and a one-form on Σ h respectively taking values in the adjoint representation of the Lie algebra g = Lie(G), and vol Σ h is the volume form of Σ h . The gauge coupling is g Y M .
When g Y M = 0, the theory is called topological Yang-Mills theory. The theory (2.1) is invariant under the following supersymmetry transformations:
and the gauge transformations:
We will discuss in the next subsection, that the 2D cohomological Yang-Mills theory can be viewed as a consistent truncation of the dimensional reduction of the 4D topologically twisted N = 2 supersymmetric Yang-Mills theory, which preserves N = (4, 4) supersymmetry in 2D. It was also demonstrated in Ref. [14] , that the 2D cohomological Yang-Mills theory is related to the N = 0 physical Yang-Mills theory
where > 0 is a real number, and dµ is a measure defined by Σ h dµ = 1. This theory has been studied a lot in the literature [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Using the technique of cohomological localization, one can evaluate the partition function of the 2D topological Yang-Mills theory, i.e. Eq. (2.1) with g Y M = 0, exactly, and the result for a Riemann surface Σ h of genus h is [14] 6) where λ is the highest weight of the irreducible representation R λ of the group G. Related to the 2D cohomological Yang-Mills theory (2.1), the 2D N = (2, 2) * U (N ) Yang-Mills-Higgs theory was first constructed in Ref. [11] , and later also discussed in Refs. [9, 10, 31] . It is defined by the path integral
where
9)
Like in the 2D cohomological Yang-Mills theory (2.1), A is a connection on the principal G-bundle over the Riemann surface Σ h , while ϕ 0 and ψ A are a zero-form and a one-form respectively taking values in the adjoint representation of the Lie algebra g = Lie(G). In addition, Φ and ψ Φ are one-forms, while ϕ ± and χ ± are zero-forms. From spin statistics, Φ and ϕ ± are even fields, while ψ Φ and χ ± are odd fields. Similar to the 2D cohomological Yang-Mills theory (2.1), the 2D Yang-Mills-Higgs theory (2.7) with g Y M = 0 is called topological Yang-Mills-Higgs theory. When g Y M = 0, it is obvious that the fields ϕ 0 and ϕ ± in the action S 0 play the role of Lagrange multipliers and impose the Hitchin equations:
In Eq. (2.9), the term ∼ c Tr(Φ ∧ * Φ) in the action S 0 can be viewed as a mass deformation. As we will see in the next subsection, the 2D Yang-Mills-Higgs theory can be viewed as the dimensional reduction of the 4D topologically twisted N = 2 super-YangMills theory. In terms of the ordinary 2D superfields, this mass deformation corresponds to giving mass to a 2D N = (2, 2) chiral multiplet, as we will discuss in Subsection 3.2.4.
When c = 0, the theory preserves N = (4, 4) supersymmetry, while for generic values of c = 0 the theory preserves N = (2, 2) supersymmetry. Hence, we would like to call the theory (2.7) with g Y M = 0 and a generic value of c the 2D N = (2, 2) * topological Yang-Mills-Higgs theory. Moreover, as discussed in Ref. [9] , in the limit c → ∞ the filed Φ and ψ Φ drop out, and the 2D Yang-Mills-Higgs theory becomes the 2D Yang-Mills theory, while in another limit c → 0 the 2D Yang-Mills-Higgs theory is equivalent to the partially gauge-fixed 2D Yang-Mills theory with the complex gauge group G c after integrating out some fermionic fields.
The topological Yang-Mills-Higgs theory (2.7) is invariant under the supersymmetry transformations given by
14)
As we will see in the next subsection, this theory can also be understood as the dimensional reduction of the 4D topologically twisted N = 2 U (N ) super Yang-Mills theory with a deformation term. From the supersymmetric transformations (2.12) ∼ (2.15), one can show that the action of the 2D N = (2, 2) * Yang-Mills-Higgs theory (2.7) can be written as the 2D N = (2, 2) * cohomological Yang-Mills theory action (2.2) with a supersymmetry exact deformation as follows:
As discussed in Ref. [9] , the second term in the equation above, which is a supersymmetry exact deformation term, can be replaced by other Lorentz-and gauge-invariant expressions without changing the theory for supersymmetry closed observables at quantum level. Also, we observe that the theory (2.7) does not contain kinetic terms explicitly, which can also be reintroduced by adding appropriate Q-exact terms, as shown in Ref. [14] (see also Refs. [32, 33] for Σ h = S 2 ). Based on the discussions above, when we construct the gravity dual in the next section, on the field theory side we can consider the 2D N = (2, 2) * super Yang-Mills theory with the kinetic terms and the coupling g Y M = 0 instead of the topological Yang-Mills-Higgs theory, by deforming the original Yang-Mills theory with an appropriate Q-exact term. Due to the asympototic freedom of the 2D N = (2, 2) * super Yang-Mills theory, the 2D topological Yang-Mills theory with g Y M = 0 can be recovered in the UV regime.
As shown in Ref. [31] , the 2D Yang-Mills-Higgs theory (2.7) can also be obtained from the so-called constrained Higgs-Yang-Mills theory, which is constructed using the symplectic structures ω i and the moment maps µ i on the field space M = (A, Φ), by introducing scalar auxiliary fields and their superpartners. Perturbatively, the constrained Higgs-Yang-Mills theory is equivalent to the 2D N = 0 physical Yang-Mills theory, which is also related to the 2D cohomological Yang-Mills theory (2.1) as discussed in Ref. [14] .
Using the technique of cohomological localization, one can compute exactly the partition function of the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory, and the result is 17) where the factor D λ is given by 18) and R N denotes the set of λ i 's satisfying the following equation:
More precisely, in order to obtain the results above, one needs to consider the path integral in the presence of a nonlocal two-observable O (2) to regularize it [9] [10] [11] . We will encounter the same equation (2.19) later in Section 4, which appears as the Bethe Ansatz equation of the (1+1)D nonlinear Schrödinger equation.
Relation with 4D N = 2 super Yang-Mills Theory
The topological twist of the 4D N = 2 super Yang-Mills theory was first studied by Witten in Ref. [34] (for a review see also Ref. [35] ). Let us review it in the following. Before topological twist, the 4D N = 2 vector multiplet (A µ , M, N, ψ i , T ij ) contains a gauge field A µ , two real scalars M and N , the R-symmetry SU (2) I -doublet of spinors ψ i (i = 1, 2) and the R-symmetry SU (2) I -triplet of auxiliary fields T ij , which is symmetric in i and j. The gauge field and the scalars (A µ , M, N ) can also be viewed as the dimensional reduction of the 6D gauge field A m . In the following, we adopt the notation used in Ref. [36] . Since the Lorentz group of the 4D Euclidean space is SO(4) ∼ = SU (2) L × SU (2) R , the SU (2) L indices α and the SU (2) R indiciesα can be written explicitly, i.e., the spinors are (ψ αi , ψα i ), while A αα = A µ σ µ αα . The supersymmetry transformations are given by
Now let us consider the topological twist. In the presence of the R-symmetry group SU (2) I one can replace SU (2) R with the diagonal subgroup SU (2) D ⊂ SU (2) R × SU (2) I . Using the following notation 21) one can express the supersymmetry transformations discussed above in terms of the new fields according to the representations of SU (2) L × SU (2) D and the transformation parameters ξ andξ αi . It is observed in Ref. [34] , when the theory is minimally coupled to a gravitational background, the supersymmetry with the parameter ξ can be defined for an arbitrary metric g µν , i.e., the theory is topological. Hence, after the topological twist, the 4D N = 2 supersymmetry transformations can be formally expressed as 22) where X stands for an arbitrary field in the 4D N = 2 vector multiplet after the topological twist. More explicitly,
where ψ µ is a vector defined by ψ µ = σ αα µ ψ αα , ψ is a scalar, and χ µν is a self-dual rank-two anti-symmetric tensor satisfying χ µν = (σ µν ) αβ χ αβ , χ µν = 1 2 µνρσ χ ρσ . We can further reduce the 4D topological twisted N = 2 vector multiplet to 2D. In the reduction procedure, we also perform a consistent truncation on the components by setting ψ = 0 and N = 0, which conseqently leads to Qψ = 0 and QN = 0. After the dimensional reduction, the 4D gauge field A µ becomes a 2D gauge field and a complex scalar, i.e. (A, Φ), where we suppress the 2D spacetime indices. Correspondingly, ψ µ becomes a 2D vector field and a complex scalar denoted by (ψ A , ψ Φ ) respectively. To treat χ µν and T µν , let us first define a new field T µν ≡ T µν + 2F + µν , then the supersymmetry transformations of χ µν and T µν become
Next, we can decompose χ µν and T µν into (χ ± , χ 0 ) and ( T ± , T 0 ) respectively. We make a further consistent truncation by setting χ 0 = 0 and T 0 = 0. Moreover, let us rename the scalars M and T ± to be ϕ 0 and ϕ ± respectively, and assume that ϕ 0 depends only on the 2D coordinates. Finally, the 2D truncated N = (4, 4) supersymmetry transformations obtained from the dimensional reduction are
26)
As explained in Ref. [14] , these supersymmetry transformations can also be viewed as a 2D cohomological Yang-Mills theory of (A, ψ, φ) with two additional multiplets (λ, η) and (χ, −iH), which satisfy 
Gravity Dual
The gauge/gravity duality was initiated by the work of Maldacena [1] , where it was conjectured that the 4D N = 4 supersymmetric U (N ) Yang-Mills theory is dual to the 10D type IIB supergravity on AdS 5 × S 5 in the limit of large N and large 't Hooft coupling g 2 Y M N . Afterwards, many more cases have been studied in the literature. In this section, we would like to construct the gravity dual of the 2D N = (2, 2) * U (N ) super YangMills theory, which is equivalent to the 2D N = (2, 2) * U (N ) Yang-Mills-Higgs theory for supersymmetry closed observables. In order to construct this gravity dual theory, we start from the gravity dual of 2D N = (4, 4) super Yang-Mills theory, which was found in Ref. [12] . By turning on an additional scalar field and choosing an appropriate scalar potential, the supersymmetry of the theory is broken to N = (2, 2). The logic is similar to the case of the 4D super YangMills theory. Starting from the gravity dual theory of the 4D N = 4 super Yang-Mills theory, one can turn on additional scalar fields and choose appropriate scalar potentials on the gravity side to preserve N = 1 [37] or N = 2 supersymmetry [38] . In particular, the latter one is known as the gravity dual theory of the 4D N = 2 * super Yang-Mills theory.
Gravity Dual of 2D N = (4, 4) super Yang-Mills Theory
As explained in the beginning of this section, to construct the gravity dual of the 2D N = (2, 2) * U (N ) super Yang-Mills theory, we start with the known gravity dual of the 2D N = (4, 4) U (N ) super Yang-Mills theory, which has been found in Ref. [12] . Let us briefly review the construction in this subsection.
To realize the N = (4, 4) supersymmetry, one considers N D3-branes wrapped on the two-cycle of a CY 2-fold, which can be seen from the following table:
In a more general construction, S 2 can replaced by a Riemann surface Σ, which we will consider in the next subsection when we discuss the gravity dual of the 2D N = (2, 2) * super Yang-Mills theory. From the brane construction, one can propose an Ansatz of the metric in 10D type IIB supergravity:
while z(ρ, σ) and H(ρ, σ) are two factors that can be determined by solving the BPS equations, which will be discussed in the following. The constant m has the dimension of mass, which will be fixed later by the quantization condition of the RR 5-form, and m −1 can be viewed as a length scale in the metric (3.1). For a general Riemann surface Σ instead of S 2 in the compactification, the metric (3.1) always preserves an U (1) × SO(4) isometry, as expected from of the 2D N = (4, 4) R-symmetry discussed in Ref. [39] . In addition to the metric (3.1), the RR 5-form in the 10D type IIB supergravity is given by
where 4) and ω 3 is the volume element of the 3-sphere, i.e., for the metric of the 3-sphere given by
The constant m in the metric (3.1) is fixed by the quantization condition of the RR 5-form
with 2κ
(3.9)
After some analyses shown in Appendix D, one finds that the constant m is fixed by
where g s and α are the string coupling constant and the Regge slope respectively. From the metric (3.1) and the flux (3.3), one can write down the BPS equations and try to solve them. It turns out that the BPS equations can be solved by using the results from the 5D N = 2 gauged supergravity discussed in Ref. [39] . This is due to the fact that the metric (3.1) can also be constructed from the 5D N = 2 gauged supergravity [12] . Briefly speaking, the coordinates ρ and σ in the metric (3.1) can be recombined into two new variables r and θ, and the radial coordinate r together with the R 1,1 × S 2 part of the metric (3.1) becomes a warped AdS 5 , while the remaining part of the metric becomes a warped S 5 .
The 5D N = 2 gauged supergravity will be briefly reviewed in Appendix A. Let us recall some facts in the following. The bosonic part of the 5D N = 2 gauged supergravity with the gauge group U (1) 3 is given by [39] [40] [41] :
As shown by Maldacena and Núñez in Ref. [39] , the theory can be compactified on a Riemann surface to provide the gravity duals of some 2D conformal field theories. For the 5D gauged supergravity compactified on a Riemann surface of genus g > 1, there is the following condition to preserve at least 2D N = (0, 2) supersymmetry:
where a I (I = 1, 2, 3) characterize the twist by picking up a special background
with T I (I = 1, 2, 3) denoting the generators of the SO(2)'s in the subgroup SO(2) × SO(2) × SO(2) in the R-symmetry group SO(6) of the 4D N = 4 super Yang-Mills theory.
In this paper, we make the following choice of the parameters a I 's:
to describe the deformation of the 2D N = (4, 4) gauge theory, where c is a real parameter. For c = 0 or 1, both the 2D gauge theory and its gravity dual preserve N = (4, 4) supersymmetry, while for generic values of c = 0, 1 the supersymmetry is broken into N = (2, 2) in both gauge theory and gravity. By choosing a I = (0, 0, 1) and H 2 as the Riemann surface for compactification, it was constructed in Ref. [12] the gravity solution with N = (4, 4) supersymmetry in the 5D gauged supergravity:
As explained in Ref. [39] , for the compactification on the surface S 2 , one can obtain the solution by replacing θ → iθ:
Moreover, the three U (1) gauge fields are chosen to be
Compared with the original Maldacena-Núñez solution (Ref. [39] , see also Appendix A), we see that an additional parameter m with dimension of mass has been introduced in both the metric (3.17) and the gauge field (3.18), and m −1 plays the role of the length scale.
As discussed above (see also Appendix D), the value of m is fixed by the quantization condition of the RR 5-form, and for the N = (4, 4) case the expression of m is given by Eq. (3.10). The factors f (r), g(r) and the profiles of the scalar fields φ 1 (r), φ 2 (r) can be obtained by solving the BPS equations. As discussed in Ref. [39] , if two of the three a I 's are equal, e.g. a I = (0, 0, 1), the BPS equations can be simplified. We will discuss the BPS equations for generic a I 's in the next subsection, while in this subsection we focus on the special case a I = (0, 0, 1). For this case one finds immediately that
is a solution, and we will argue in the next subsection that under the parametrization (3.15) the special case a I = (0, 0, 1) has only the asymptotic solution φ 2 = 0 near the boundary r = 0. Defining ϕ = φ 1 / √ 6, the BPS equations for a I = (0, 0, 1) become 22) where the prime denotes the derivative with respect to r. This choice (a 1 , a 2 , a 3 ) = (0, 0, 1) corresponds to the N = (4, 4) case. For a different choice (a 1 , a 2 , a 3 ) = (1/2, 0, 1/2), there are also solutions with φ 2 = 0 to the BPS equations, and it corresponds to the N = (2, 2) case, which we will discuss in more details in the next subsection. We can study the asymptotic solutions to these BPS equations. By solving Eq. (3.20) ∼ Eq. (3.22) asymptotically near r = 0 for a I = (0, 0, 1), one obtains [39] :
The asymptotic solution of ϕ(r) implies the existence of a dual operator with dimension ∆ = 2. However, compared to the generic case discussed in the next subsection, it also implies that the operator ∼ c Tr(Φ ∧ * Φ) appearing in the 2D Yang-Mils-Higgs theory (2.7) needs to be turned off, i.e. c = 0 for this case.
Using the formulae in Ref. [40] , this gravity solution can be uplifted to 10D in the following way:
where φ I (I = 1, 2, 3) are three angles with the range [0, 2π). We emphasize that although similar in notation the angles φ I are not related to the scalar fields φ 1,2 appearing in the action (3.11). Moreover,
One can parametrize µ I 's as follows:
where 0 ≤ θ ≤ π and 0 ≤ ψ < 2π. The quantities X I and X I are defined by
It was shown in Ref. [12] that indeed the metric (3.26) can be rewritten into the expression of the metric (3.1) discussed before by changing variables. We will also summarize some details in Appendix B. Finally, we would like to emphasize that the gravity dual solution becomes inconsistent in the IR regime. It can be seen from the following analysis. As shown in Ref. [12] , by solving the BPS equations numerically one sees that the factor z(ρ, σ) that controls the size of S 2 in the metric (3.1) becomes negative for small values of (ρ, σ), which corresponds to the IR regime. This fact indicates that the supergravity solution is inapplicable to this region.
Gravity Dual of 2D N = (2, 2) * super Yang-Mills Theory
Now let us turn to the construction of the gravity dual of the 2D N = (2, 2) * U (N ) super Yang-Mills theory, which for supersymmetry closed observables is equivalent to the 2D N = (2, 2) * U (N ) Yang-Mills-Higgs theory at quantum level. As we discussed in the beginning of this section, we apply the same idea of constructing the gravity dual of 4D N = 2 * super Yang-Mills theory [37, 38] , more specifically, we will turn on an additional scalar field and choose an appropriate scalar potential in the 5D gauged supergravity, and then uplift the solution to 10D type IIB supergravity.
Solutions from 5D N = 2 Gauged Supergravity
To construct the gravity dual of the 2D N = (2, 2) * Yang-Mills-Higgs theory, we start with the gravity dual of the N = (4, 4) case discussed in the previous subsection and make use of the 5D N = 2 gauged supergravity (see Appendix A for a review).
Let us recall that the Lagrangian of the 5D N = 2 gauged supergravity is given by Eq. (3.11). It has two scalars fields φ 1 and φ 2 , and the scalar potential is shown in Fig. 2 . As discussed in Subsection 3.1 and Appendix A, for the 5D gauged supergravity compactified on H 2 or more generally a Riemann surface Σ of genus g > 1, to preserve at least 2D N = (0, 2) supersymmetry the following condition should hold:
For 2D N = (2, 2) supersymmetry, one of a I 's should vanish. According to our choice (3.15) made in this paper, when c = 0, 1 the gravity solution corresponds to a 2D gauge theory with N = (2, 2) supersymmetry. 1 The N = (4, 4) case discussed in the previous subsection can be viewed as a special case of the general 5D metric given by
where f (r) and g(r) are two factors determined by the BPS equations, and m is a constant with the dimension of mass, which will be fixed later by the quantization condition of the RR 5-form in the 10D type IIB supergravity. Moreover, for the generic values of a I 's, the three U (1) gauge fields are given by 32) where the parameters a I obey the condition (3.30) , and in addition they must be rational due to the quantization of the field strength on the compact Riemann surface Σ of genus g (see Appendix A), more precisely, for genus g > 1: Besides the factors f (r) and g(f ) appearing in the metric (3.31), one can also obtain the profiles of the scalar fields φ 1 (r) and φ 2 (r) by solving the BPS equations for generic values of a I 's:
36)
where X I and X I are defined by
For generic values of a I 's the BPS equations do not have analytical solutions, but given boundary conditions one can solve the BPS equations (3.34) ∼ (3.37) numerically for arbitrary values of r.
By solving the equations (3.34) ∼ (3.37) near r = 0, we obtain the asymptotic solutions:
The asymptotic solutions of φ 1 and φ 2 indicate that for generic values of a I 's one can turn on two operators of dimension ∆ = 2 dual to φ 1 and φ 2 respectively. Under our choice of a I 's (3.15) made in this paper, a 1 − a 2 = c. Hence, φ 2 vanishes asymptotically when c = 0, or equivalently when N = (4, 4), while a nonzero c will break the supersymmetry from N = (4, 4) to N = (2, 2) and at the same time allow a nonvanishing solution φ 2 near the boundary r = 0. Therefore, for the choice of a I 's (3.15) discussed in this paper, when the scalar field φ 2 is turned off, i.e. φ 2 = 0, which is denoted by the red line in Fig. 2 , each value of φ 1 corresponds to a gravity solution with N = (4, 4) supersymmetry. To break the supersymmetry from N = (4, 4) to N = (2, 2), we should turn on the scalar field φ 2 in the scalar potential appearing in the Lagrangian (3.11). From the discussions in Section 2, we know that to preserve N = (4, 4) supersymmetry the operator ∼ c Tr(Φ ∧ * Φ) is turned off on the 2D gauge theory side, which corresponds to (a 1 , a 2 , a 3 ) = (0, 0, 1) or a vanishing φ 2 near r = 0 on the gravity side. Deforming the 2D N = (4, 4) gauge theory by turning on an additional operator ∼ c Tr(Φ ∧ * Φ) in the action (2.9) breaks the supersymmetry to N = (2, 2), while correspondingly φ 2 (r) has a nonvanishing asymptotic solution when the coefficient a 1 − a 2 = c = 0. Hence, the parameters c and c are correlated, and for small values of c there should be c ∝ c. The operator ∼ c Tr(Φ ∧ * Φ) in the gauge theory and the scalar field φ 2 in the gravity are also correlated, although the dual operator of φ 2 can be a linear combination of c Tr(Φ ∧ * Φ) and some other dimension-two operators.
In summary, for the choice of the parameters a I 's (3.15):
When c = 0 or 1, it returns to the case analyzed in the previous subsection, which preserves N = (4, 4) supersymmetry. When c = 0, 1, the gravity solution preserves N = (2, 2) supersymmetry. Consequently, the gauge fields now become
As discussed in Appendix A, the parameter c should be rational due to the quantization of the field strength on the compact Riemann surface Σ of the genus g, more precisely, for genus g > 1:
For a real deformation parameter c in the 2D N = (2, 2) * super Yang-Mills theory, it can always be approached and approximated by the rational parameter c with increasing genus g of the Riemann surface Σ (see e.g. Refs. [42] [43] [44] ).
Uplift 5D Solutions to 10D
Like in the N = (4, 4) case, after obtaining the factors f (r), g(r) and the scalar profiles φ 1 (r), φ 2 (r) by solving the BPS equations, we can use the formulae in Ref. [40] to uplift the solution for the N = (2, 2) case in 5D gauged supergravity to a solution in 10D type IIB supergravity. The 10D metric is related to the 5D solution in the following way: 46) where ds 2 5 is the 5D metric given by Eq. (3.31), and (φ 1 , φ 2 , φ 3 ) are three angles with the range [0, 2π), which are not related to the scalar fields φ 1,2 in the action (3.11). As defined before 47) with the parametrization
where 0 ≤ θ ≤ π and 0 ≤ ψ < 2π. Hence, the 10D metric is
where ϕ 1 ≡ φ 1 / √ 6 and ϕ 2 ≡ φ 2 / √ 2 are the two scalar fields after rescaling, and the constant m is fixed by the quantization condition of the RR 5-form given by Eq. (3.8). For a generic value of c the metric above preserves an SO(2) × SO(2) × SU (2) isometry, which will become manifest for the special value c = 1/2 discussed in the next subsection.
Moreover, the RR 5-form F 5 in 10D type IIB supergravity is given by
where 
Solutions from Brane Construction
The 10D supergravity solutions with N = (2, 2) * supersymmetry have been constructed in the previous subsections. We would like to rewrite the 10D metrics into the form similar to the ones given in Refs. [12, 45] , from which the brane constructions and consequently the supersymmetry are more transparent.
First, the value c = 0 corresponds to the original undeformed theory discussed in Subsection 3.1, which is the gravity dual of the 2D N = (4, 4) super Yang-Mills theory. It was shown in Ref. [12] that by changing variables the 10D metric (3.49) with c = 0 and ϕ 2 = 0 can be identified with the one from the brane construction (3.1), as discussed in Appendix B. We have also discussed in Subsection 3.1 that this configuration can be viewed as N D3-branes wrapped on a two-cycle of a CY 2-fold, and it preserves 8 supercharges, i.e. N = (4, 4) supersymmetry.
For a generic value of c = 0, 1, the metric (3.49) can also be rewritten into the form from the construction of branes wrapped on Calabi-Yau spaces. Since the explicit form of the metric is very complicated, which makes the relevant physics less transparent, we will skip the generic case. Instead we consider the special case c = 1/2 in the following to demonstrate the procedure.
Consider the special case c = 1/2. For simplicity we take the Riemann surface Σ to be S 2 , then the 10D metric (3.49) can be written as
where again ϕ 1 ≡ φ 1 / √ 6 and ϕ 2 ≡ φ 2 / √ 2 are the two scalar fields after rescaling. As discussed in Ref. [39] , the metric (3.52) has an SO(2) × SO(2) × SU (2) isometry from two angles φ and φ 2 (≡ ψ) as well as the S 3 parametrized by ( ψ, φ 1 , φ 3 ) as a Hopf fibration on S 2 , which corresponds to the remaining R-symmetry after the twist by picking up appropriate U (1)'s from the original R-symmetry group SO(6) of the 4D N = 4 super Yang-Mills theory. Consequently, the dual field theory has an N = (2, 2) supersymmetry.
After some changes of variables, the metric above can be further brought into the following form, from which the brane construction is clearer. The details of the derivation will be summarized in Appendix B.
where H(ρ, σ) and z(ρ, σ) are two factors that can be determined by solving the BPS equations, as discussed in Section 3.3.1 and Appendix C. This metric can be interpreted as N D3-branes wrapped on a two-cycle of a CY 3-fold. Hence, the theory manifestly preserves N = (2, 2) supersymmetry, and the D3-branes can be viewed as solitons in the 10D type IIB supergravity. The configuration can be schematically presented in the following table.
Locally, the D3-branes are R 1,1 × S 2 , and the CY 3-fold is S 2 × N 4 . The coordinates for S 2 , N 4 and R 2 are (θ, φ), (σ, ψ, φ 1 , φ 3 ) and (ρ, ψ) respectively.
From the analyses above, we have seen that turning on the mass deformation on the field theory side corresponds to a change of topology on the gravity side, i.e., from a CY 2-fold at c = 0 becomes a CY 3-fold at c = 0, and consequently the supersymmetry is broken from N = (4, 4) to N = (2, 2). This story is quite well-known in the literature, for instance, the 4D N = 1 super Yang-Mills theory as deformations of the N = 2 super Yang-Mills theory (see Ref. [46] for a review). On the gravity side, one can start with N D5-branes wrapped on a two-cycle of a CY 2-fold, e.g. a K3 surface, and the 10D spacetime is R 1,3 × K3 × C. By adding a scalar potential W (φ), one can break the supersymmetry from N = 2 to N = 1. On the gravity side, it corresponds to making the direct product K3 × C into a nontrivial fibration, i.e., a CY 3-fold with SU (3) holonomy.
Similar to the N = (4, 4) case, for generic N = (2, 2) gravity dual solutions the factor z(ρ, σ) in the metric from the brane construction also becomes negative at very small values of (ρ, σ), which corresponds to the IR regime. Because z(ρ, σ) controls the size of S 2 , z(ρ, σ) becomes negative at very small values of (ρ, σ) implies that the gravity dual solution is inapplicable to the IR region. However, as an exception, the special case c = 1/2 flows to a good AdS 3 vacuum, which is dual to an N = (2, 2) conformal field theory [47] .
Twisted Mass
In this subsection we would like to highlight the twisted mass in the 2D super Yang-Mills theory and its gravity dual.
A typical 2D N = (2, 2) supersymmetric gauge theory can be constructed in the superspace using the the chiral multiplet X, the vector multiplet V and the twisted chiral multiplet Σ = D + D − V. For the most general 2D N = (2, 2) supersymmetric gauge theory, one should also consider the semi-chiral multiplets X L and X R as well as the semi-chiral vector multiplets (V, V), which have been studied in the literature (see e.g. Refs. [48] [49] [50] [51] [52] [53] [54] ). In this subsection, we restrict our discussion to the typical case with X, V and Σ. Using these multiplets, the supersymmetric actions can be expressed in terms of the D-term, the F -term and the twisted F -term as follows:
Following Ref. [3] , to introduce the twisted mass we first consider the chiral multiplet X transforming in a linear representation R of the gauge group G, and R can be decomposed as
denoting the irreducible representation R i with the multiplicity space M i . The global symmetry group H is a subgroup of of H max defined by
The twisted masses are the deformation parameters:
The twisted mass term in the superspace is
The twisted mass is a real parameter, which should be distinguished from the complex masses defined by a F -term with the superpotential
where Q a and Q b denote n f chiral multiplets in the fundamental representation of G and nf chiral multiplets in the anti-fundamental representation of G respectively. The string dual of the twisted mass was discussed in Ref. [55] , and more recently in Refs. [6, 7, 56, 57] , where the string dual of the Omega deformation was constructed using an NS5-D2-D4 system in a fluxtrap background of the type IIA string theory. For the 2D N = (2, 2) * case, the brane configuration can be shown in the following table: 0 1 2 3 4 5 6 7 8 9 fluxbrane
Schematically, there are r + 1 parallel NS5-branes placed perpendicular to the x 2 -direction, depending on the rank r of the symmetry group of the spin chain. Between each pair of nearby NS5-branes, there can be a stack of N a D2-branes suspended between them, where N a (a ∈ {1, · · · , r}) becomes the number of particles for the a-th color in the spin chain. There can also be a stack of L a D4-branes hanging on each NS5-brane, and L a (a ∈ {1, · · · , r}) denotes the effective length of the spin chain for the a-th color. On the gauge theory side, the configuration corresponds to a quiver gauge theory with the gauge group U (N 1 ) × U (N 2 ) × · · · × U (N r ), and attached to each node of the quiver there is a flavor group U (L a ) (a ∈ {1, · · · , r}). In this brane configuration, the separation of the D4-branes in the x 6 -, x 7 -directions can be interpreted as the twisted masses. For the 2D Yang-Mills-Higgs theory (2.7) written in terms of the fields after topological twist, the twisted mass term is ∼ c Tr(Φ ∧ * Φ) in the action (2.9), and the parameter c can be viewed as the twisted mass, which also appears in the Bethe Ansatz equation of the nonlinear Schrödinger equation discussed in Section 4. Based on the discussions in this section, we have found the counter-part of the twisted mass in the type IIB gravity dual, which is proportional to the parameter c. We can also justify this statement by analyzing the R-symmetry of the gravity dual solution. For a generic value of c, the metric of the N = (2, 2) * gravity dual solution (3.49) preserves the isometry SO(2) × SO(2) × SU (2), which becomes manifest for the special case (3.52) with c = 1/2. The parameter c is invariant under the two SO(2)'s in the isometry, which is supported by the analysis in Ref. [55] that the twisted masses are neutral under the U (1) V R-symmetry, while the complex masses are charged. Hence, the interpretation of c as the counter-part of the twisted mass in the gravity dual is consistent with the previous results. It would be nice to connect the IIB gravity dual considered in this paper with the IIA string theory dual discussed in Refs. [6, 7, 56, 57] , which we would like to explore in the future research.
Some Checks
After constructing the gravity dual of the 2D N = (2, 2) * U (N ) super Yang-Mills theory in the previous subsection, in this subsection we perform some checks of the gravity dual solution by calculating some quantities, for instance, the running coupling and the entanglement entropy.
UV Metric
To compute the quantities of interest, we need to first analyze the metric of the gravity dual in the UV regime.
The N = (4, 4) case with c = 0 was analyzed in Ref. [12] , and we will summarize the steps in Appendix C. In the UV regime, z approaches a constant z * defined in Appendix C, and the values of ρ and σ are large. The final result of the UV metric for the N = (4, 4) case is
where u andα are two new variables related to the variables ρ and σ in the following way:
One can solve for the factors z(ρ, σ) and H(ρ, σ) in the metric (3.1) near the asymptotic value z * , and they have the expressions:
We would like to apply the same approach to analyze the N = (2, 2) * case with c = 1/2 discussed in Subsection 3.2.3, i.e. a I = (1/2, 0, 1/2). The final result for the UV metric in this case is
For this case, the relations between the new variables u,α and the old variables ρ, σ are slightly different from the ones for the N = (4, 4) case:
Again, in the UV region u is large, and z approaches z * . One can solve for the factors z(ρ, σ) and H(ρ, σ) in the metric (3.53) near the asymptotic value z * . For the N = (2, 2) * case with c = 1/2 they become
More details of the derivations are shown in Appendix C.
Running Coupling
As discussed in Ref. [12] , to compute the running coupling of the 2D N = (4, 4) super Yang-Mills theory in the gravity dual, one can study the dynamics of a D3-brane probe moving in the background of the metric and the RR form. The action is given by the DBI and the WZ terms:
where ξ a = (x 0 , x 1 , θ, φ) denote the coordinates on the world volume of the D3-brane, and F is the field strength of the world volume gauge field, whileĜ 4 andĈ 4 denote the induced metric on the D3-brane world volume and the pullback of the RR 4-form potential respectively, which are given bŷ
Plugging these terms into the effective action (3.69), in the absense of the gauge field we obtain
This potential vanishes at σ = 0, which can be interpreted as the supersymmetric locus of the brane inside the CY space. Next, at σ = 0 we switch on the world volume gauge field, and assume that the only nonvanishing components of the gauge field are those along the unwrapped directions x µ = (x 0 , x 1 ). Also, we consider the flat directions Z i in the transverse directions of the metric (3.1):
with i = 1, · · · , 4, and relate them with the scalar fields n i of the gauge theory living on the brane:
At σ = 0 the Lagrangian of the DBI term for the probe brane action becomes
Generalizing this Lagrangian to the non-Abelian case and integrating it over (θ, φ), we obtain at quadratic order:
Therefore, we obtain 77) where in the last step we used (2π) 3 (α ) 2 T 3 = 1/g s . To compare the result above with the one from field theory, we relate the energy scale µ to the holographic coordinate ρ in the following way:
Moreover, we use the expression of the factor z(ρ, σ) obtained from the analysis of the UV metric for the N = (4, 4) case given by Eq. (3.65) at σ = 0:
( 3.79) Taking into the account the relation (3.10), finally we obtain for the 2D N = (4, 4) pure super Yang-Mills theory:
where the UV coupling constant is defined as
This expression of the running coupling implies the negative beta-function and consequently the asymptotic freedom, i.e., when µ → ∞, g 2 Y M → 0, and it matches the field theory result [12, 58] :
where for the vector multiplet with gauge group SU (N ):
with (n v , n f , n s ) denoting the number of vector fields, Dirac fermions and real scalar fields respectively, which is (n v , n f , n s ) = (1, 2, 4) for the 2D N = (4, 4) super Yang-Mills theory and (n v , n f , n s ) = (1, 1, 2) for the 2D N = (2, 2) super Yang-Mills theory.
For the special N = (2, 2) * case with c = 1/2 considered in Subsection 3.2.3, we can repeat the same steps. The results are similar but slightly different, for instance, the effective action (3.69) now becomes
Also, in the metric (3.53) the flat directions in the transverse direction are:
Similar analyses lead to the same result as Eq. (3.77), and based on the expression (3.68) of the factor z(ρ, σ) for the N = (2, 2) * case with c = 1/2 we obtain
which is essentially the same as the result (3.80) for the N = (4, 4) case obtained from the gravity side.
To compare this result with the one from field theory, we would like to first recall the relation between the 4D N = 2 * super-Yang-Mills theory and the 4D N = 4, N = 2 super-Yang-Mills theories. As discussed in Refs. [59, 60] .78) holds. 2 When the mass deformation c → ∞, one obtains the pure N = (2, 2) super-Yang-Mills theory. On the gravity side, since the parameter c does not show up in the result (3.87), we expect that Eq. (3.87) from gravity side still holds in the pure N = (2, 2) case. However, as explained in Ref. [45] , to match the field theory result for the N = (2, 2) case, one cannot adopt the same relation (3.78) beween the energy scale and the holographic coordinate as the N = (4, 4) case. Instead, for the N = (2, 2) case we require
then the result matches the field theory expectation for the 2D N = (2, 2) super Yang-Mills theory that we have discussed above:
where again g 2 Y M ≡ m 2 g s /z * .
Entanglement Entropy
Another quantity one can compute in the gravity dual is the entanglement entropy. Let us first summarize the results for the N = (4, 4) case considered in Ref. [12] , and then discuss the N = (2, 2) * case.
Consider two complementary regions A and B in the Hilbert space of a quantum field theory. For simplicity, one can consider two spatially complementary regions. The reduced density matrix ρ A is defined as the density matrix traced over the degrees of freedom in B:
The entanglement entropy is then defined as the von Neumann entropy of ρ A :
For a quantum field theory with gravity dual, a holographic way of computing the entanglement in a (d + 1)-dimensional conformal field theory was proposed by Ryu and Takayanagi in Ref. [61] :
where γ A is the minimal surface spanned by the spatial region A in the (d + 2)-dimensional AdS space, and G d+2 is the (d + 2)-dimensional Newton's constant. Applying a generalized version of the formula (3.92) to the 2D case, one obtains:
where the spatial region A is taken to be − /2 ≤ x 1 ≤ /2, and Ω is the 8-dimensional minimal surface with A as its boundary. G 10 = 8π 6 α 4 g 2 s is the 10-dimensional Newton's constant, andĜ 8 is the induced metric on Ω.
Let us define the spatial coordinate to be x ≡ x 1 , and the region A is taken to be an interval − /2 ≤ x ≤ /2. For the N = (4, 4) case, using the UV metric (3.63), we assume that the 8D surface is described by u = u(x) (3.94) in the 8D space parametrized by the coordinates
Plugging the UV metric (3.63) into the formula of the entanglement entropy (3.93), we obtain
For this theory, the first integral is conserved, which leads to
where u 0 is a constant corresponding to the maximal value of u on the surface. The equation above can be written as
Consequently, one can express the length of the interval − /2 ≤ x ≤ /2 as = 2
This integral can be evaluated analytically, and the final result is
. (3.100)
Next, one can try to express the entanglement entroy S E (3.96) also in terms of u 0 by plugging (3.98) back into Eq. (3.96):
where ξ ≡ u/u 0 . This integral is divergent. To regularize it, one can introduce a cutoff u ∞ and integrate ξ over [1, u ∞ /u 0 ]. The result of the regularized integral is
One can expand the result in powers of u 0 /u ∞ , and at the leading order the result is
Neglecting the divergent first term, we obtain the finite contribution to the entanglement entropy at leading order in terms of u 0 :
Combining Eq. (3.104) with Eq. (3.100), we obtain a result for S finite E in terms of :
where the relation (3.10) is used. As discussed in Ref. [12] , in the UV regime this result matches the one from (3+1)D gauge theory compactified on a sphere [62] , and is consistent with the gravity dual construction of D3-branes wrapped on a two-cycle of CY 2-fold. For the N = (2, 2) * case with c = 1/2 considered in Subsection 3.2.3, we can apply the same steps to the UV metric (3.66). We find that for the N = (2, 2) * case Eq. (3.96) now becomes
Taking care of the different powers of z * , in the end we find the same result as the N = (4, 4) case given by Eq. (3.105), and the deformation of the theory does not affect the finite part of the entanglement entropy. This result is also consistent with the gravity dual construction of D3-branes wrapped on a two-cycle of CY 3-fold for the N = (2, 2) * case, as expected from the gauge theory side in the UV regime [62] . Because later in this paper we will relate the gravity dual solution to the nonlinear Schrödinger equation, we would like to recall the entanglement entropy for the nonlinear Schrödinger equation, which has been computed for the ground state in Ref. [63] , and the result at zero temperature is
This expression can be understood as the IR result, and the difference between this result and the one in the UV regime obtained earliear in this subsection suggests a phase transition, which is consistent with the dicussions in Ref. [62] .
Nonlinear Schrödinger Equation
In this section we briefly review the (1+1)D quantum nonlinear Schrödinger equation and its relation with the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory, following Ref. [9, 10] .
Review of the Theory
After choosing an appropriate system of units, the (1+1)D nonlinear Schrödinger equation is
The Hamiltonian of the theory is given by
where the field φ has the Poisson structure
In (1+1)D, this theory is integrable both at the classical level and at the quantum level. For the (1+1)D quantum nonlinear Schrödinger equation, if we consider the N -particle sector in the domain x 1 ≤ x 2 ≤ · · · ≤ x N , the N -particle wave function satisfies the equation 4) and the normalized wave function is given by
where λ i denotes the momentum of the i-th particle, satisfying the Bethe Ansatz equation:
which is the same as the equation (2.19) for the configurations contributing to the partition function of the 2D topological Yang-Mills-Higgs theory that we discussed in Subsection 2.1. From this analysis, we see the equivalence between the wave function of the 2D N = (2, 2) * U (N ) topological Yang-Mills-Higgs theory and the wave function of the (1+1)D quantum nonlinear Schrödinger equation in the N -particle sector. Hence, the duality between these two theories at quantum level is implied.
More generally, as discussed in Ref. [3] , one can find dualities between a large class of integrable models and certain deformations of the 2D N = (2, 2) * super-Yang-Mills theory (by twisted mass, tree-level superpotential, matter fields in various representations, etc.). In particular, the topological Yang-Mills-Higgs theory discussed in Refs. [9] [10] [11] , which is dual to the nonlinear Schrödinger equation as mentioned above, corresponds to the N = (2, 2) * super-Yang-Mills theory with the following tree-level twisted superpotential:
where σ denotes the complex scalar in the 2D N = (2, 2) vector multiplet, and in Refs. [9, 10] the parameter λ has been chosen to be λ = 1. This tree-level twisted superpotential corresponds to the insertion of a nonlocal two-observable O (2) in the path integral of the 2D N = (2, 2) * super-Yang-Mills theory, which also regularizes the path integral [9] [10] [11] . Without this insertion, the Bethe Ansatz equation (2.19) or (4.6) will not have the phase factor on the left-hand side of the equation [3] . 3 
Soliton Solutions to Nonlinear Schrödinger Equation
There are some well-known soliton solutions to the (1+1)D nonlinear Schrödinger equation (4.1). For the attractive interaction, i.e. c < 0, the nonlinear Schrödinger equation has the so-called bright soliton solution, while for the repulsive interaction, i.e. c > 0, it has the so-called dark soliton solution. We focus on the bright soliton solution in the following, since it has been known in the literature that for the attractive interaction, the quantum N particles become N solitons when N is large [64] [65] [66] , which makes it convenient to compare with the gravity dual. A bright soliton solution to the nonlinear Schrödinger equation (4.1) is given by
One can also generalize this solution to the N coincident solitons, which is
Let us choose the unit such that |c|N = 1/2 and set x 0 = 0, then the N coincident soliton solution becomes
Consequently, the soliton density is
Using the following identity 12) one can show that
For the quantum nonlinear Schrödinger equation, it has been shown that in the soliton units ( = m = 2|c|N = 1) the density of N particles is [64] [65] [66] :
Comparing this expression with the N coincident soliton density (4.13), we see that
Hence, the N -particle density in the quantum nonlinear Schrödinger equation approaches the N -soliton density when N → ∞, which implies that the N -particle solution to the quantum nonlinear Schrödinger equation becomes the N -soliton solution for the attractive interaction.
Correspondence at Large N
In Section 3 we have constructed the gravity dual of the 2D N = (2, 2) * topological YangMills-Higgs theory. Together with the duality between the 2D N = (2, 2) * topological Yang-Mills-Higgs theory and the (1+1)D nonlinear Schrödinger equation, we would like to propose a more general triality mentioned in the introduction (see Fig. 1 ) among gauge theories, integrable models and gravity theories.
In the 2D topological Yang-Mills-Higgs theory the coupling constant is set to zero, i.e. g 2 Y M = 0. Based on our construction, we should require more precisely that g 2 Y M → 0 while keeping the size of S 2 wrapped by the D3 branes fixed. On the other hand, the gauge/gravity duality is valid in the limit of large 't Hooft coupling λ = g 2 Y M N . Therefore, the proper limit for the triality to hold is g 2 Y M → 0 keeping the size of S 2 wrapped by the D3 branes fixed,
As we analyzed in Subsection 3.3.2, the 2D N = (2, 2) * super Yang-Mills theory has asymptotic freedom, hence in the UV regime g 2 Y M → 0. Consequently, this triality should hold in the UV regime.
We also expect that in the limit (5.1) the triality provides us with dualities between each two corners in Fig. 1 at quantum level. It requires more detailed work to check this proposal. As a first step, let us consider the classical solutions of these theories in the large N limit. We have seen in the previous section that, when N is large, the N -particle solution to the quantum nonlinear Schrödinger equation becomes the N -soliton solution for the attractive interaction. In the gravity, this solution corresponds to N overlapping D3-branes, and the N solitons live in the world volume of the D3-branes. On the gauge theory side, N becomes the rank of the gauge group, and the insertion of the nonlocal twoobservable O (2) in the gauge theory path integral corresponds to adding some probes on the gravity side. Schematically, the solitons to the nonlinear Schrödinger equation and the D3-branes are shown in Fig. 3 , where N solitons are lying in the two extended directions (t, x) of N overlapping D3-branes, which are placed perpendicular to the ρ-direction. The profiles of the D3-branes can be read off from the factor H(ρ, σ) appearing in the 10D metric (see e.g. Eqs. 
Discussion
In this paper, we construct the gravity dual of the 2D N = (2, 2) * supersymmetric U (N ) Yang-Mills theory using the 5D gauged supergravity uplifted to 10D. In the UV regime, it also provides the gravity dual theory to the 2D N = (2, 2) * topological Yang-Mills-Higgs theory. In some special cases, we have shown that these gravity solutions can also be obtained from N D3-branes wrapped on a two-cycle of some CY-manifolds, in the same spirit of Refs. [12, 45, [67] [68] [69] . In this way, we propose a triality among gauge theories, integrable models and gravity theories. This may provide some new perspectives and hopefully a new way of studying the connections of these different theories.
To explore the triality (see Fig. 1 ) proposed in this paper, some further studies are definitely needed. An immediate generalization is to add matters in the fundamental representation of the gauge group, i.e., add flavors in the gravity dual. This will allow us to generalize the duality between 2D topological Yang-Mills-Higgs theory and nonlinear Schrödinger equation to the larger class of dualities found by Nekrasov and Shatashvili [3, 4] , and consequently to incorporate 4D N = 2 gauge theories into the story and study its integrability [5] . Another related question is to study the integrability on the gravity side both at the classical level and at the quantum level, especially to reproduce the Bethe Ansatz equation on the gravity side, which requires the analysis of the chiral ring structure on the gravity side. It would also be interesting to understand the relation between the gravity dual theory that we construct and the Yang-Baxter deformations studied in the literature.
It was suggested in Ref. [9] that the origin of the duality between the nonlinear Schrödinger equation and the topological Yang-Mills-Higgs theory can be understood using the Nahm transformation. We would like to make this argument more precisely at quantitative level, and relate it to the Hitchin systems as dimensional reduction of the 4D self-dual Yang-Mills theory to lower dimensions [70, 71] .
Another unexpected relation between integrable models comes from the boson/vortex duality discussed in Refs. [72, 73] and recently revisited in Refs. [74] [75] [76] . Using this duality, one can show that in (3+1)D nonlinear Schrödinger equation can be mapped into an effective string theory. This duality can also be applied to the (1+1)D nonlinear Schrödinger equation, which is an integrable model, and the dual theory in a certain limit was found to be another integrable model [76] , the KdV equation. This novel approach unveils a lot of interesting features, and many apparently different theories are related in a larger duality web.
Finally, our construction of the gravity theory dual to the 2D N = (2, 2) * theory brings some new ingredients to the study of the 2D gauge theories, for which there have been already a huge amount of literature and plenty of results. Therefore, besides integrable models we also anticipate some interesting results relating gravity theories discussed in this paper with knot theory, topological string theory, etc., which hopefully can shed light to some problems (e.g. the OSV conjecture [77] ) in these fields.
A Review of the 5D Gauged Supergravity
In this appendix, we briefly review the 5D gauged supergravity that is used in this paper to construct the gravity dual. Originally, the 5D maximal gauged supergravity was studied in Refs. [78] [79] [80] . Later, it was found that this theory can be consistently truncated to an N = 2 subsection, which contains three U (1) gauge fields A I µ and two real scalars φ 1,2 [40, 41] (see also Ref. [39, 47] ). This consistently truncated model is also sometimes called the STU model.
The bosonic part of the 5D N = 2 gauged supergravity is given by:
The supersymmetry transformations of the fermionic fields are following [39, 81] :
for I = 1, 2, 3. Hence, X I satisfy
One should impose some constraints on the Killing spinor to obtain an N = 2 truncation of the maximal supersymmetry. A possible choice of the constraints is following:
where the hat denotes the flat indices. Using the consistently truncated 5D gauged supergravity discussed above, Maldacena and Núñez have studied the supergravity solution dual to the 4D superconformal field theory on R 2 × Σ [39] , which can be uplifted to the 10D type IIB supergravity. The basic idea is to consider D3-branes wrapped on R 2 × Σ with a specific normal bundle, and the gauge connection on the normal bundle will twist the theory and cancel the spin connection of Σ, such that some supersymmetries can still be preserved on the curve background. Depending on different ways of twisting, there can be N = (4, 4), (2, 2), (0, 2) supersymmetries perserved in the construction. Starting from the 4D N = 4 super YangMills theory, whose R-symmetry group is SO(6), one can characterize the twist by picking up a special background
with T I (I = 1, 2, 3) denoting the generators of the Cartan subgroup SO(2)×SO(2)×SO(2) of the R-symmetry group SO (6) . To preserve at least 2D N = (0, 2) supersymmetry, the parameters a I 's should satisfy
(A.10)
Hence, different choices of a I 's lead to different twists of the theory, in order to cancel the spin connections from the curved background. In general, turning on more a I 's correspond to picking up a subset from the original 16 supercharges, which will reduce the number of supersymmetries. When one of a I 's equals zero, the gravity preserves N = (2, 2) supersymmetry. When two of a I 's equal zero, the gravity preserves N = (4, 4) supersymmetry. When all of a I 's equal zero, the gravity preserves N = (8, 8) supersymmetry. In particular, the N = (4, 4) case is dual to a 2D supersymmetric nonlinear sigma model on the Hitchin moduli space of the Riemann surface Σ studied in Ref. [82] . According to the uniformization theorem, we can express the metrics for the three types of Riemann surfaces (g = 0, g = 1, g > 1) in the following form: , for g = 0 ;
1 2 log 2π , for g = 1 ; −log y , for g > 1 .
(A.12)
Considering the D3-branes wrapped on R 2 × Σ, we can take the following Ansätze for the 5D metric and the field strengths from the normal bundle as twists: 14) where I = 1, 2, 3, and ds 2 Σ is the metric of the Riemann surface discussed above. Moreover, we assume that the two scalars in the model are functions of the coordinate r, i.e. φ 1,2 (r). Pay attention to that in Subsection (3.2) we use slightly different expressions of the metric ds 2 5 and the field strengths F I 's by explicitly introducing a length scale m −1 , which can be fixed by the quantization condition of the RR 5-form flux in the 10D type IIB supergravity, as discussed in Appendix D.
Using the Ansätze above and setting the supersymmetry transformations of the fermionic fields (A.3) (A.4) to zero, we obtain the following BPS equations:
In general, given boundary conditions these equations can be solved numerically for fixed a I 's. For some special choices of a I 's these equations also take simpler forms, for instance Eqs. (3.20) ∼ (3.22) for a I = (0, 0, 1). Moreover, in Subsection 3.2 we use slightly different expressions of the BPS equations compared to the ones above by introducing a length scale m −1 , which will be fixed in Appendix D. After obtaining the factors f (r), g(r) and the profiles of the fields φ 1,2 (r) by solving the BPS equations, we can use the formulae in Ref. [40] to uplift the solution in 5D N = 2 gauged supergravity to a solution in 10D type IIB supergravity. The uplifted 10D metric is given by 19) where A I are the three U (1) gauge fields corresponding to the field strengths F I discussed above, and 20) with µ I (I = 1, 2, 3) satisfying
where 0 ≤ θ ≤ π and 0 ≤ ψ < 2π. The self-dual 5-form flux in the uplifted 10D solution is given by
and 5 and * 5 are the volume form and the Hodge dual of the 5D space respectively, while F I = dA I are the field strengths of the gauge fields given by Eq. (3.44). φ I (I = 1, 2, 3) are three angles with the range [0, 2π), which should be distinguished from the scalar fields φ 1,2 discussed above. In the main text, we also slightly modify the uplifted 10D solution by explicitly introducing a length scale m −1 .
There is an important constraint that the parameters a I 's should satisfy. Due to the compactness of the Riemann surface Σ, the field strengths F I should obey the quantization condition 1 2π
Taking into account the expression of the field strength (A.14), we obtain the following constraint on a I 's for the Riemann surface Σ of genus g:
For the genus g > 1, the constraint (A.26) essentially means that a I should be rational numbers, because it can be satisfied by appropriately choosing the genus g. Although a I 's are not real numbers as we expected from the deformation of the 2D super Yang-Mills theory, they can approach any real number by increasing the genus g (see e.g. Refs. [42] [43] [44] 47] ).
As discussed in Refs. [39] , the 5D supergravity solutions constructed in this way flow from AdS 5 in the UV to AdS 3 in the IR. However, in order that the AdS 3 solutions are well-defined, they should satisfy
and consequently only certain ranges of a I 's can provide good AdS 3 vacua satisfying the conditions above (see Refs. [42] [43] [44] 47] ). In this paper we are interested in the gravity duals of the 2D non-conformal super Yang-Mills theory, hence we do not need to consider the AdS 3 vacua, which correspond to conformal field theories, and we refer to Refs. [42] [43] [44] 47] for the discussions on the relation between a I 's and good AdS 3 vacua.
B Identify the 10D Metrics
In this appendix we show that by changing variables the metric obtained from the 5D N = 2 gauged supergravity uplifted to 10D can be brought into the form of N D3-branes wrapped on a two-cycle of a CY 2-fold or 3-fold, depending on the number of preserved supercharges.
For generic values of c, the 10D metric is given by Eq. (3.46) . With an explicit choice of µ I 's given by Eq. (3.48), the metric (3.46) becomes Eq. (3.49). In the following we consider two special cases c = 0 and c = 1/2 with S 2 as the Riemann surface for compactification, and we demonstrate how the metric (3.49) can be identified with the ones from the brane construction. Therefore, all the terms in the metric (B.1) and (3.1) are identified, i.e., they are indeed the same metric by some changes of variables. For c = 1/2 and S 2 as the Riemann surface for compactification, we can perform the similar analysis. To simplify the final expression, we first make a permutation of the µ I 's chosen in Eq. (3.48), and we call the new ones µ I 's: µ 1 = µ 2 = cos θ cos ψ , µ 2 = µ 3 = sin θ , µ 3 = µ 1 = cos θ sin ψ , (B Furthermore, we define two new scalar fieldsφ 1 andφ 2 , which are related to the scalar fields ϕ 1 and ϕ 2 in the following way: 13) i.e.,φ
(B.14)
One can check that theφ 2 = 0 is a solution to the BPS equations (3.34) ∼ (3.37), henceφ 2 can be consistently turned off, which we will assume in the following. When we setφ 2 = 0, the BPS equations (3.34) ∼ (3.37) reduce to the ones (3.20) ∼ (3.22) with a I = (1/2, 1/2, 0) and ϕ replaced byφ ≡φ 1 . Consequently, the metric (B.12) can be simplified to be which implicitly determines the factor z. Also, using the new BPS equations, one can solve for the factor H given by Eq. (B.3):
(C.14)
D RR 5-Form Flux
The gravity solution in 10D type IIB supergravity includes an RR 5-form flux. In this appendix, we discuss this RR flux and its quantization condition. Let us first review the N = (4, 4) case, which was discussed in Ref. [12] . One starts with the following Ansatz: The results above can also be obtained from the solution in 5D gauged supergravity uplifed to 10D. In this way, the factor g has the expression: where g s and α are the string coupling constant and the Regge slope respectively. Now let us turn to the N = (2, 2) * case. As we discussed in the text, the way of constructing the gravity dual of the 2D N = (2, 2) * super Yang-Mills theory is to first find the solution in the 5D N = 2 gauged supergravity and then uplift it to 10D using the formulae in Ref. [40] . The result is (3.50): (I = 1, 2, 3 ) are three angles with the range [0, 2π), which are not related to the scalar fields φ 1,2 appearing in the action (3.11) .
The quantization condition is still given by (3. 
